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Let K be a generalized Calderón–Zygmund kernel deﬁned on Rn × (Rn \ {0}). The singular
integral operator with variable kernel given by
T f (x) = p.v.
∫
Rn
K (x, x− y) f (y)dy
is studied. We show that if the kernel K (x, y) satisﬁes the Lq-Hörmander condition with
respect to x and y variables, respectively, then T is bounded on Lpw . If we add an extra
Dini type condition on K , then we may show the Hpw − Lpw boundedness of T .
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
Let Sn−1 be the unit sphere in Rn (n 2) with normalized Lebesgue measure dσ . A function Ω(x, z) deﬁned on Rn ×Rn
is said to be in L∞(Rn) × Lq(Sn−1), q 1, if Ω(x, z) satisﬁes the following conditions:
for every x, z ∈ Rn, Ω(x, λz) = Ω(x, z) for all λ > 0, (1.1)∫
Sn−1
Ω(x, z)dσ(z′) = 0 for every x ∈ Rn, (1.2)
sup
x∈Rn
∫
Sn−1
∣∣Ω(x, z′)∣∣q dσ(z′) < ∞, (1.3)
where z′ = z/|z|, for any z ∈ Rn \ {0}. Set K (x, z) = Ω(x,z′)|z|n . We consider the singular integral operator with variable kernel
deﬁned by
T f (x) = p.v.
∫
Rn
K (x, x− y) f (y)dy. (1.4)
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788 M.-Y. Lee et al. / J. Math. Anal. Appl. 348 (2008) 787–796In 1955 and 1956, Calderón and Zygmund [3,4] investigated the Lp boundedness of the singular integral operator with
variable kernel. They found that these operators are closely related to the problem about the second-order linear elliptic
equations with variable coeﬃcients. In [5], they generalized [3, Theorem 2] and [4, Theorem 2] as follows. We denote the
conjugate exponent of p > 1 by p′ = p/(p − 1).
Theorem A. Let 1< p,q < ∞ satisfy
(i) 1q <
1
p′ + 1p′(n−1) if 1< p  2; or
(ii) 1q <
1
p′ + 1p(n−1) if 2 p < ∞.
Suppose Ω(x, z) ∈ L∞(Rn)× Lq(Sn−1). Then there is a constant C > 0 such that ‖T f ‖Lp  C‖ f ‖Lp . In particular, T is bounded on Lp
for p  q′ .
Now, we recall the deﬁnition and properties of Ap weights. For 1 < p < ∞, a locally integrable nonnegative function w
on Rn is said to belong to Ap if there exists C > 0 such that, for every n-dimensional ball B ,(
1
|B|
∫
B
w(x)dx
)(
1
|B|
∫
B
w(x)−1/(p−1) dx
)p−1
 C,
where |B| denotes its Lebesgue measure. For the case p = 1, w ∈ A1 if there exists C > 0 such that, for every ball B ⊂ Rn ,
1
|B|
∫
B
w(x)dx C ess inf
x∈B w(x).
A function w ∈ A∞ if it satisﬁes the condition Ap for some p > 1. It is well known that if w ∈ Ap for 1  p ∞, then
wε ∈ Ap for all 0< ε  1 and wη ∈ Ap for some η > 1. Also, if w ∈ Ap for 1< p < ∞, then w ∈ Ar for all r > p and w ∈ Aq
for some 1< q < p. We thus use qw := inf{q > 1: w ∈ Aq} to denote the critical index of w .
A close relation to Ap is the reverse Hölder condition. If there exist r > 1 and a ﬁxed condition C > 0 such that, for every
ball B ⊂ Rn ,(
1
|B|
∫
B
w(x)r dx
)1/r
 C
(
1
|B|
∫
B
w(x)dx
)
,
we say that w satisﬁes the reverse Hölder condition of order r and write w ∈ RHr .
Lemma B. (See [14].) Let r > 1. Then wr ∈ A∞ if and only if w ∈ RHr .
We use w(E) to denote the weighted measure
∫
E w(x)dx.
Lemma C. (See [9].) Let w ∈ Ap, p  1, x ∈ Rn, and r > 0. Then, for any ball B(x, r) and λ > 1,
w
(
B(x, λr)
)
 Cλnpw
(
B(x, r)
)
,
where C does not depend on B(x, r) nor on λ.
In 1990, Watson [15] considered the convolution singular integral operators deﬁned by
T˜ f (x) = p.v.
∫
Rn
Ω˜(x− y)
|x− y|n f (y)dy,
where Ω˜ ∈ Lq(Sn−1), 1 q∞, is homogeneous of degree 0 and ∫Sn−1 Ω˜(x′)dσ(x′) = 0. Set K˜ (x) = Ω˜(x′)|x|n . He proved
Theorem D. Let 1< q < ∞. Suppose K˜ satisﬁes the Lq-Hörmander condition:
sup
0<|y|<R
∞∑
m=1
(
2mR
)n/q′( ∫
2mR|x|<2m+1R
∣∣K˜ (x− y) − K˜ (x)∣∣q dx)1/q = Hq < ∞.
If w ∈ Ap/q′ , q′  p < ∞, then ‖T˜ f ‖Lpw  Bp,w‖ f ‖Lpw . Furthermore, the bound Bp,w is less than Cp,w(‖Ω˜‖L1(Sn−1) + Hq), where
Cp,w is a constant depending only on p and w, and not on ‖Ω˜‖L1(Sn−1) or Hq.
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method as follows. First, they proved the unweighted Lp boundedness of T˜ for 1< p < ∞. Next, they used the unweighted
Lp boundedness and some regularity of the kernel K˜ to show
M#(T˜ f )(x) C f ∗q′ (x), (1.5)
where, for t > 0, f ∗t = (M(| f |t))1/t with M denoting the centered Hardy–Littlewood maximal operator and
M# f (x) = sup
Bx
1
|B|
∫
B
∣∣ f (y) − f B ∣∣dy
with f B = 1|B|
∫
B f (y)dy and B denoting a ball in R
n . It is obvious that
M# f (x) 2n+1M f (x),
where
M f (x) = sup
r>0
1
|B(x, r)|
∫
B(x,r)
∣∣ f (y) − f B(x,r)∣∣dy.
By using (1.5) together with the well-known estimates
‖Mf ‖Lpw  C
∥∥M# f ∥∥Lpw for w ∈ A∞ (1.6)
(cf. [2]) and
‖Mf ‖Lpw  C‖ f ‖Lpw for w ∈ Ap, (1.7)
it is easy to obtain the Lpw boundedness of T˜ .
In this article, we ﬁrst follow Kurtz–Wheeden’s argument to obtain the Lpw boundedness of T deﬁned by (1.4) if the
kernel K (x, y) satisﬁes the Lq-Hörmander condition with respect to both variables, which generalizes Theorem D to the
case of variable kernel (see Theorem 1). An additional regularity of K (x, y) allows us to show the H1w − L1w boundedness
of T (see Theorem 4). Finally, we add an extra Dini type condition on K to prove the Hpw − Lpw boundedness (see Theorem 6).
2. Lpw boundedness
In this section, we will ﬁnd some regularity on the kernel K to get the weighted Lp boundedness of the singular integral
operator T deﬁned by (1.4).
Theorem 1. Let 1< q∞. Suppose that Ω(x, z) ∈ L∞(Rn) × Lq(Sn−1) such that, for all R > 0,
sup
x∈Rn
0<|y|<R
∞∑
m=1
(
2mR
)n/q′( ∫
2mR|z|<2m+1R
∣∣K (x, z − y) − K (x, z)∣∣q dz)1/q  C < ∞ (2.1)
and
sup
x,y∈Rn
0<|x−y|<R
∞∑
m=1
(
2mR
)n/q′( ∫
2mR|z|<2m+1R
∣∣K (x, z) − K (y, z)∣∣q dz)1/q  C < ∞. (2.2)
If w ∈ Ap/q′ , q′  p < ∞, then T is bounded on Lpw .
Remark 1. If K (x, z) is independent of x, then the condition (2.2) holds automatically and Theorem 1 reduces to Theorem D.
Remark 2. The above (2.1) and (2.2) for q = ∞ are understood as ‖ · ‖∞ on 2mR  |z| < 2m+1R . It is easy to check that, for
1< q1 < q2 ∞,
(2.1) holds for q2 ⇒ (2.1) holds for q1;
(2.2) holds for q2 ⇒ (2.2) holds for q1.
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that
M#(T f )(x) C f ∗q′ (x) for f ∈ Lpw . (2.3)
Assume this claim for the moment. By (1.6), (1.7), and the claim, we immediately obtain
‖T f ‖Lpw 
∥∥M(T f )∥∥Lpw  C∥∥M#(T f )∥∥Lpw  C∥∥ f ∗q′∥∥Lpw  C‖ f ‖Lpw ,
where w ∈ Ap/q′ with p > q′ .
For the case p = q′ , since w ∈ Ap/q′ = A1, there is an ε > 0 such that w1+ε ∈ A1. Fix such an ε. Then w1+ε ∈ As/q′ for any
s > q′ . Set w0(x) ≡ 1 and w1(x) = w1+ε(x). Let δ = 12(n−1) min{ 1p , 1p′ }. By Theorem A, T is bounded on Lrw0 , where r = q
′
1+δq′ .
Choose s > p = q′ such that (1+ ε)(p − r) = s − r. Then, by the previous case which we have shown, T is bounded on Lsw1 .
Applying Stein–Weiss’ interpolation theorem with change of measures [13, Theorem 2.11], we obtain the Lpw boundedness
of T . The theorem hence follows.
To prove the claim, for f ∈ Lpw , given x0 ∈ Rn and R > 0, let B = {x: |x− x0| < R/2} and Bk = B(x0,2k+2R), k 0. Then
f =
∞∑
m=0
fm,
where f0 = f χB0 and fm = f χ(Bm−Bm−1) for m ∈ N. We have
1
|B|
∫
B
∣∣T f (x) − (T f )B ∣∣dx 1|B|
∫
B
∞∑
m=0
∣∣T fm(x) − (T fm)B ∣∣dx.
To estimate the term m = 0, we use Hölder’s inequality and Theorem A to get
(|T f0|)B  ( 1|B|
∫
B
∣∣T f0(x)∣∣q′ dx)1/q′  C ‖ f0‖Lq′|B|1/q′  C f ∗q′ (x0),
which yields
1
|B|
∫
B
∣∣T f0(x) − (T f0)B ∣∣dx 2(|T f0|)B  C f ∗q′ (x0).
For m 1 and x ∈ B ,
∞∑
m=1
∣∣T fm(x) − (T fm)B ∣∣= ∞∑
m=1
∣∣∣∣ 1|B|
∫
B
{
T fm(x) − T fm(y)
}
dy
∣∣∣∣= ∞∑
m=1
∣∣∣∣ 1|B|
∫
B
( ∫
Rn
{
K (x, x− z) − K (y, y − z)} fm(z)dz)dy∣∣∣∣
 1|B|
∫
B
( ∞∑
m=1
∫
Rn
∣∣K (x, x− z) − K (y, y − z)∣∣∣∣ fm(z)∣∣dz
)
dy.
For y ∈ B , since fm is supported in {z ∈ Rn: 2m+1R  |z − x0| < 2m+2R}, the summation in the above parentheses is
dominated by
∞∑
m=1
‖ fm‖Lq′
( ∫
2m+1R|z−x0|<2m+2R
∣∣K (x, x− z) − K (y, y − z)∣∣q dz)1/q
 C f ∗q′ (x0)
∞∑
m=1
(
2mR
)n/q′( ∫
2mR|y−z|<2m+3R
∣∣K (x, x− z) − K (y, y − z)∣∣q dz)1/q
 C f ∗q′ (x0)
∞∑
m=1
(
2mR
)n/q′( ∫
2mR|y−z|<2m+3R
∣∣K (x, x− z) − K (x, y − z)∣∣q dz)1/q
+ C f ∗q′ (x0)
∞∑
m=1
(
2mR
)n/q′( ∫
2mR|y−z|<2m+3R
∣∣K (x, y − z) − K (y, y − z)∣∣q dz)1/q
:= I1 + I2.
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I1 + I2 = C f ∗q′ (x0)
∞∑
m=1
(
2mR
)n/q′( ∫
2mR|z¯|<2m+3R
∣∣K (x, z¯ − (y − x))− K (x, z¯)∣∣q dz¯)1/q
+ C f ∗q′ (x0)
∞∑
m=1
(
2mR
)n/q′( ∫
2mR|z¯|<2m+3R
∣∣K (x, z¯) − K (y, z¯)∣∣q dz¯)1/q
 C f ∗q′ (x0).
Thus,
1
|B|
∫
B
∣∣T f (x) − (T f )B ∣∣dx C f ∗q′ (x0) for all R > 0,
which implies
M#(T f )(x0) 2n+1M(T f )(x0) C f ∗q′ (x0).
Since x0 ∈ Rn is arbitrary, the claim (2.3) is proved. 
3. H pw − Lpw boundedness
In order to show Hpw − Lpw boundedness of T , we will use Garcia-Cuerva’s atomic decomposition theory (cf. [8,12]) for
weighted Hardy spaces. We characterize weighted Hardy spaces in terms of atom decomposition in the following way.
Deﬁnition. Let 0< p  1 q∞ and p = q such that w ∈ Aq with critical index qw . Let [·] be the greatest integer function
and set N = [n(qw/p − 1)]. For s ∈ Z satisfying s N , a real-valued function a is called w-(p,q, s)-atom centered at x0 if
(i) a ∈ Lqw(Rn) and is supported in a ball B centered at x0,
(ii) ‖a‖Lqw  w(B)1/q−1/p ,
(iii)
∫
Rn
a(x)xα dx = 0 for every multi-index α with |α| s.
When q = ∞, L∞w will be taken to mean L∞ and ‖ f ‖L∞w = ‖ f ‖∞ .
Theorem E. (See [8,12].) Let w ∈ Aq, 0 < p  1  q ∞, and p = q. For each f ∈ Hpw(Rn), there exist a sequence {ai} of w-
(p,q,N)-atoms and a sequence {λi} of scalars with∑ |λi|p  C‖ f ‖pHpw such that f =∑λiai both in the sense of distributions and in
the Hpw norm.
The atomic decomposition is useful to establish the boundedness of operators on Hardy spaces. But, in general, one
cannot conclude that an operator is bounded on a Hardy space by checking their norms have uniform bound on all of the
corresponding atoms (cf. [1]). However, if we add an extra continuity on T , then we do have the boundedness of T on H1w .
Lemma 2. Let 1 < q ∞. Suppose that S is a bounded linear operator from L1w(Rn) to L1,∞w (Rn) such that ‖Sa‖L1w  C for any
w-(1,q,N)-atom a. Then S is bounded from H1w(R
n) to L1w(R
n).
Proof. Suppose f ∈ H1w(Rn). By Theorem E, we can write
f =
∞∑
j=1
λ ja j with
∞∑
j=1
|λ j| C‖ f ‖H1w ,
where a j are w-(1,q,N)-atoms. Set fn =∑nj=1 λ ja j . Then fn converges to f in H1w(Rn), which implies that fn converges
to f in L1w(R
n). By the hypothesis, we have S fn converges to S f in L
1,∞
w (R
n). There exists a subsequence {S fnk } such that
limk→∞ S fnk (x) = S f (x) for almost every x ∈ Rn . Since
‖S fnk‖L1w  C
nk∑
j=1
|λ j |‖Sa j‖L1w  C‖ f ‖H1w ,
by Fatou’s lemma we get
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This proves Lemma 2. 
To get the Hpw − Lpw boundedness, we switch the continuity of T into the L2w boundedness as follows.
Theorem F. (See [10].) Let 0 < p  1 and w ∈ A2 . For a linear operator S bounded on L2w(Rn), S can be extended to a bounded
operator from Hpw(R
n) to Lpw(R
n) if and only if there exists an absolute constant C such that
‖Sa‖Lpw  C for any w-
(
p,2,
[
n(2/p − 1)])-atom a.
Lemma 3. Let w ∈ A1 . Suppose K satisﬁes (2.1) and (2.2) for some q > 1 and∫
|x|2|y|
∣∣K (x+ x0, x− y) − K (x+ x0, x)∣∣w(x+ x0)dx Cw(y + x0) (∀y = 0, ∀x0). (3.1)
Then T is bounded from L1w(R
n) to L1,∞w (Rn); that is,
w
({
x ∈ Rn: ∣∣T f (x)∣∣> λ}) C
λ
∫
Rn
∣∣ f (x)∣∣w(x)dx.
If w ∈ A1, condition (3.1) is weaker than the following Lipschitz condition (cf. [12, Remark 3]): there exist 0< δ  1 and
constant C independent of x, y, z such that
∣∣K (z, x− y) − K (z, x)∣∣ C |y|δ|x|n+δ (∀|x| 2|y|, ∀z).
Proof of Lemma 3. Fix w ∈ A1 and f ∈ L1w(Rn). By the Calderón–Zygmund decomposition, given λ > 0, there exists a family{Q j} j∈N of disjoint cubes such that
(a) Rn = E ∪ F , E =⋃∞j=1 Q j ;
(b) λ < 1|Q j |
∫
Q j
| f (x)|dx 2nλ;
(c) | f (x)| λ for almost every x ∈ F;
(d) |E| 1
λ
∫
Rn
| f (x)|dx.
Deﬁne
g(x) =
{
f (x) if x ∈ F ,
1
|Q j |
∫
Q j
f (x)dx if x ∈ Q j,
and
b(x) = f (x) − g(x) =
∑
j
(
f (x) − 1|Q j |
∫
Q j
f (y)dy
)
χQ j (x) :=
∑
j
b j(x),
where χQ j (x) denotes the characteristic function of Q j . Then
(e) |g(x)| 2nλ for almost every x ∈ Rn;
(f) each b j is supported in a cube Q j and
∫
Q j
b j(x)dx = 0.
Since {
x ∈ Rn: ∣∣T f (x)∣∣> λ}⊂ {x ∈ Rn: ∣∣T g(x)∣∣> λ/2}∪ {x ∈ Rn: ∣∣Tb(x)∣∣> λ/2},
Lemma 3 follows from the inequalities
w
({
x ∈ Rn: ∣∣T g(x)∣∣> λ/2}) C
λ
∫
Rn
∣∣ f (x)∣∣w(x)dx (3.2)
and
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x ∈ Rn: ∣∣Tb(x)∣∣> λ/2}) C
λ
∫
Rn
∣∣ f (x)∣∣w(x)dx. (3.3)
To obtain the inequality (3.2), by Theorem 1, we have
w
({
x ∈ Rn: ∣∣T g(x)∣∣> λ/2}) C
λq
′
∫
Rn
∣∣T g(x)∣∣q′ w(x)dx C
λq
′
∫
Rn
∣∣g(x)∣∣q′ w(x)dx C
λ
∫
Rn
∣∣g(x)∣∣w(x)dx.
To complete this inequality, we must show that
∫ |g(x)|w(x)dx C ∫ | f (x)|w(x)dx. On the set F , g = f ; on each Q j , since
w ∈ A1,∫
Q j
∣∣g(x)∣∣w(x)dx ∫
Q j
(
1
|Q j|
∫
Q j
∣∣ f (y)∣∣dy)w(x)dx = ∫
Q j
∣∣ f (y)∣∣w(Q j)|Q j| dy  C
∫
Q j
∣∣ f (y)∣∣w(y)dy.
To prove the inequality (3.3), we denote by Q ∗ the cube concentric with Q which is 2
√
n times as long. By Lemma C,
we get
w
(⋃
j
Q ∗j
)

∑
j
w
(
Q ∗j
)
 C
∑
j
w(Q j) C
∑
j
1
λ
∫
Q j
∣∣ f (y)∣∣w(Q j)|Q j| dy  Cλ
∫
Rn
∣∣ f (y)∣∣w(y)dy.
Let y j be the center of Q j . Since
∫
Q j
b j = 0, we have
w
({
x ∈ Rn ∖⋃
j
Q ∗j :
∣∣Tb(x)∣∣> λ/2})
 C
λ
∑
j
∫
Rn\Q ∗j
∣∣Tb j(x)∣∣w(x)dx
= C
λ
∑
j
∫
Rn\Q ∗j
∣∣∣∣ ∫
Q j
[
K (x, x− y) − K (x, x− y j)
]
b j(y)dy
∣∣∣∣w(x)dx
 C
λ
∑
j
∫
Q j
∣∣b j(y)∣∣ ∫
|x−y j |2|y−y j |
∣∣K (x, x− y) − K (x, x− y j)∣∣w(x)dxdy
= C
λ
∑
j
∫
Q j−y j
∣∣b j(y + y j)∣∣ ∫
|x|2|y|
∣∣K (x+ y j, x− y) − K (x+ y j, x)∣∣w(x+ y j)dxdy,
where Q j − y j = {x− y j: x ∈ Q j}. Thus, by the condition (3.1), we obtain
w
({
x ∈ Rn ∖⋃
j
Q ∗j :
∣∣Tb(x)∣∣> λ/2}) C
λ
∑
j
∫
Q j−y j
∣∣b j(y + y j)∣∣w(y + y j)dy = C
λ
∑
j
∫
Q j
∣∣b j(y)∣∣w(y)dy
 C
λ
∫
Rn
∣∣b(y)∣∣w(y)dy  C
λ
∫
Rn
(∣∣ f (y)∣∣+ ∣∣g(y)∣∣)w(y)dy  C
λ
∫
Rn
∣∣ f (y)∣∣w(y)dy,
which completes the proof. 
Theorem 4. Suppose Ω ∈ L∞(Rn)× Lq(Sn−1) such that (2.1), (2.2), and (3.1) hold for some q > 1. Then T is bounded from H1w to L1w
if w ∈ A1 .
Proof. By Lemmas 2 and 3, it suﬃces to show that, for any w-(1,∞,0)-atom a, there exists a constant C > 0 independent
of a such that ‖Ta‖L1w  C .
Let a be a w-(1,∞,0)-atom centered at x0 with supp(a) ⊂ B(x0, r). By Theorem 1 and Lemma C, we have∫
B(x0,2r)
∣∣Ta(x)∣∣w(x)dx w(B(x0,2r))1/q( ∫
B(x0,2r)
∣∣Ta(x)∣∣q′ w(x)dx)1/q′  Cw(B(x0, r))1/q( ∫
B(x0,r)
∣∣a(x)∣∣q′ w(x)dx)1/q′
 C‖a‖∞w
(
B(x0, r)
)
 C .
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B(x0,2r)c
∣∣Ta(x)∣∣w(x)dx = ∫
B(x0,2r)c
∣∣∣∣ ∫
B(x0,r)
(
K (x, x− y) − K (x, x− x0)
)
a(y)dy
∣∣∣∣w(x)dx

∫
B(0,r)
∣∣a(y + x0)∣∣( ∫
B(0,2r)c
∣∣K (x+ x0, x− y) − K (x+ x0, x)∣∣w(x+ x0)dx)dy
 C
∫
B(0,r)
∣∣a(y + x0)∣∣w(y + x0)dy  C‖a‖∞w(B(x0, r)) C,
which completes the proof of Theorem 4. 
Before stating our next theorem, we recall some deﬁnitions. In 2007, Ding, Lin, and Lin introduced some deﬁnitions about
the variable kernel Ω(x, z) when they studied the H1 − L1 boundedness of the Marcinkiewicz integral (cf. [6,7]). Replacing
the condition (1.3), they strengthened it to the condition
sup
x∈Rn
r0
( ∫
Sn−1
∣∣Ω(x+ rz′, z′)∣∣q dσ(z′))1/q < ∞. (1.3′)
For q 1, Ω is said to satisfy the Lq-Dini condition if the conditions (1.1), (1.2), (1.3′) hold and
1∫
0
ωq(δ)
δ
dδ < ∞, (3.4)
where
ωq(δ) := sup
x∈Rn
r0
( ∫
Sn−1
sup
y′∈Sn−1
|y′−z′ |δ
∣∣Ω(x+ rz′, y′) − Ω(x+ rz′, z′)∣∣q dσ(z′))1/q.
The following lemma states that we can make use of this condition to obtain an estimate of the kernel K .
LemmaG. (See [6].) Let q 1. SupposeΩ(x, z) ∈ L∞(Rn)× Lq(Sn−1) satisﬁes the condition (1.3′). If there exists a constant 0< β  12
such that |y| < βR, then for any x0 ∈ Rn,( ∫
R|x|<2R
∣∣K (x+ x0, x− y) − K (x+ x0, x)∣∣q dx)1/q  C R−n/q′
(
|y|
R
+
4|y|/R∫
2|y|/R
ωq(δ)
δ
dδ
)
,
where the constant C > 0 is independent of R and y.
Now, we generalize the Lq-Dini condition by replacing (3.4) by
1∫
0
ωq(δ)
δ1+α
dδ < ∞, 0 α  1. (3.5)
If Ω satisﬁes (3.5) for some q 1 and 0 α  1, we call it satisﬁes the Lq,α-Dini condition. For 0< β < α  1, if Ω satisﬁes
the Lq,α-Dini condition, then it also satisﬁes the Lq,β -Dini condition. We thus denote by Dinqα the class of all functions that
satisﬁes the Lq,α˜-Dini condition for all α˜ < α.
Lemma 5. Let 0 < α  1 and nn+α < p < 1. Suppose Ω ∈ Dinqα such that (2.1) and (2.2) hold for a certain q 
3+
√
9−8(2−p− pαn )
2(2−p− pαn )
. If
wq
′ ∈ A
(p+ pαn − 1q )q′ , then T is bounded from H
p
w to L
p
w .
Proof. Since
q
3+
√
9− 8(2− p − pαn )
2(2− p − pα ) ,n
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wq
′ ∈ A
(p+ pαn − 1q )q′ ⊂ A2/q′ .
It follows from Theorem 1 that T is bounded on L2w . By Theorem F, it suﬃces to show that, for any w-(p,2,N)-atom a,
there exists a constant C > 0 independent of a such that ‖Ta‖Lpw  C .
Let a be a w-(p,2,N)-atom centered at x0 with supp(a) ⊂ B(x0, r). By Theorem 1 and Lemma C, we have, for q 2,∫
B(x0,8r)
∣∣Ta(x)∣∣pw(x)dx w(B(x0,8r))1−p/2( ∫
B(x0,8r)
∣∣Ta(x)∣∣2w(x)dx)p/2
 Cw
(
B(x0, r)
)1−p/2( ∫
B(x0,r)
∣∣a(x)∣∣2w(x)dx)p/2  C .
We now estimate the integral I := ∫B(x0,8r)c |Ta(x)|pw(x)dx. For j  3, set
E j =
{
x ∈ Rn: 2 jr  |x− x0| < 2 j+1r
}
.
Hölder’s inequality yields
I =
∞∑
j=3
∫
E j
∣∣Ta(x)∣∣pw(x)dx ∞∑
j=3
(∫
E j
w(x)dx
)1−p(∫
E j
∣∣Ta(x)∣∣w(x)dx)p . (3.6)
Since wq
′ ∈ A
(p+ pαn − 1q )q′ , there exists 1 < s < (p +
pα
n − 1q )q′ such that wq
′ ∈ As . By Lemma C and Hölder’s inequality, we
get ∫
E j
w(x)dx
(∫
E j
dx
)1/q(∫
E j
w(x)q
′
dx
)1/q′
 C
(
2 jr
)n/q{
wq
′(
B
(
x0,2
j+1r
))}1/q′
. (3.7)
Using the vanishing condition of a, we obtain∫
E j
∣∣Ta(x)∣∣w(x)dx = ∫
E j
∣∣∣∣ ∫
B(x0,r)
(
K (x, x− y) − K (x, x− x0)
)
a(y)dy
∣∣∣∣w(x)dx

∫
B(x0,r)
∣∣a(y)∣∣(∫
E j
∣∣K (x, x− y) − K (x, x− x0)∣∣w(x)dx)dy. (3.8)
By Hölder’s inequality, it follows that∫
E j
∣∣K (x, x− y) − K (x, x− x0)∣∣w(x)dx (∫
E j
w(x)q
′
dx
)1/q′(∫
E j
∣∣K (x, x− y) − K (x, x− x0)∣∣q dx)1/q

{
wq
′(
B
(
x0,2
j+1r
))}1/q′(∫
E j
∣∣K (x, x− y) − K (x, x− x0)∣∣q dx)1/q. (3.9)
Since s < (p + pαn − 1q )q′ , there exists an α˜ < α such that s < (p + pα˜n − 1q )q′ . By assumption Ω ∈ Dinqα , Ω satisﬁes the
Lq,α˜-Dini condition. Thus, for |y − x0| < r, it follows from Lemma G that(∫
E j
∣∣K (x, x− y) − K (x, x− x0)∣∣q dx)1/q = ( ∫
2 j r|x|<2 j+1r
∣∣K (x+ x0, x− (y − x0))− K (x+ x0, x)∣∣q dx)1/q
 C
(
2 jr
)−n/q′( 1
2 j
+
(
1
2 j
)α˜ 1∫
0
ωq(δ)
δ1+α˜
dδ
)
 C2− jα˜
(
2 jr
)−n/q′
. (3.10)
Combining the inequalities (3.6)–(3.10), we get
I  C
( ∫ ∣∣a(y)∣∣dy)p ∞∑
j=3
2− jα˜p
(
2 jr
)n/q−np{
wq
′(
B
(
x0,2
j+1r
))}1/q′
. (3.11)B(x0,r)
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′ ∈ A
(p+ pαn − 1q )q′ ⊂ A2 and hence∫
B(x0,r)
∣∣a(y)∣∣dy  ( ∫
B(x0,r)
∣∣a(y)∣∣2w(y)dy)1/2( ∫
B(x0,r)
w(y)−1 dy
)1/2
 Crnw
(
B(x0, r)
)−1/p
. (3.12)
Since wq
′ ∈ As , by Lemmas B and C, we get{
wq
′(
B
(
x0,2
j+1r
))}1/q′  C2 jns/q′{wq′(B(x0, r))}1/q′  C2 jns/q′r−n/qw(B(x0, r)). (3.13)
It follows from (3.11)–(3.13) that
I  C
∞∑
j=3
2 j(n/q−np+ns/q′−α˜p)  C,
where the last inequality is due to s < (p + pα˜n − 1q )q′ , and the proof is completed. 
In Lemma 5, if we restrict the weight wq
′
to the class A1, then w ∈ A2/q′ for q 2. It follows from Theorem 1 that T is
bounded on L2w . Then, using the same arguments as the proof of Lemma 5, we have the following result.
Theorem 6. Let 0< α  1 and nn+α < p < 1. Suppose Ω ∈ Dinqα such that (2.1) and (2.2) hold for some q  2. If wq
′ ∈ A1 , then T is
bounded from Hpw to L
p
w .
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